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Abstract
Magnetic translation symmetry on a finite periodic square lattice is investigated for an arbi-
trary uniform magnetic field in arbitrary dimensions. It can be used to classify eigenvectors
of the Hamiltonian. The system can be converted to another system of half or lower dimen-
sions. A higher dimensional generalization of Harper equation is obtained for tight-binding
systems.
1 Introduction
Systems of charged particles interacting with uniform magnetic fields have served as testing
grounds of various ideas in quantum field theory and condensed matter physics. Uniform
magnetic fields are simple and in many cases exact solutions are available while keeping
some essential aspects of the interactions with the gauge fields. A remarkable feature of
these system is the appearance of magnetic translation symmetry [1].
In the presence of magnetic fields the gauge potential depends on the coordinates. The
change in the gauge potential due to a translation can be compensated by a suitable gauge
transformation. Arbitrary translations become a symmetry of the Hamiltonian in infinite
euclidean spaces and each eigenstate is infinitely degenerated. In finite periodic spaces or
on compact tori the boundary conditions for the wave functions become twisted. Because of
this only a discrete finite subgroup of the whole translations survives as magnetic translation
symmetry. The degeneracy of states is a finte constant depending on the magnetic field.
On finite periodic lattices exact solutions are not available and translation symmetries are
rather restricted. The spectra are far richer than those of the continuum [2]. Nevertheless,
it is possible to define magnetic translations, which enable us to qualitatively understand
the richness of the spectra. In this paper we investigate magnetic translation symmetry on
the lattice in full detail for arbitrary uniform magnetic fields in arbitrary higher dimensions.
The key idea is to introduce oblique lattice where the magnetic field takes a block-diagonal
form composed of 2 × 2 anti-symmetric matrices. According to the rank of magnetic field,
the generators of magnetic translations can be classified into pairs satisfying two dimensional
magnetic translation algebra and unpaired commuting generators. This enables us to identify
maximal commuting subset of the generators. Representation theoretic approach [3] can be
used to reduce Hamiltonians into block-diagonal forms without relying on its concrete form.
The reduced Hamiltonian describes a system of half or lower than half dimensions. This
phenomenon has been observed for systems of electrons in periodic potentials [4]. Magnetic
translation symmetry has been investigated in four dimensions in the context of chiral lattice
fermions [5]. Reduction from two to one dimension and the spectra of hermitian Wilson-Dirac
operator have also been discussed in Ref. [6].
This paper is organized as follows. In the next section we show that periodic boundary
conditions on finite lattice can be converted to twisted periodicity on infinite lattice. In
Sect. 3 we examine magnetic translations on the lattice. Constraints on the translation
vectors are solved. To illustrate the approach we argue magnetic translation symmetry in
two dimensions. This is done in Sect. 4. We introduce oblique lattice coordinates in Sect.
5 and give a generalization to arbitrary dimensions. Sect. 6 is devoted to summary and
discussion.
2 Twisted boundary conditions
Let us consider a system of a charged particle interacting with a uniform magnetic field of an
abelian gauge theory on a d dimensional periodic lattice of a size Ld, where L is a positive
integer. We take the lattice constant a = 1. Any uniform magnetic field Fµν = −Fνµ
(µ, ν = 1, · · · , d) on the lattice can be written as
Fµν =
2πmµν
L2
, (2.1)
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where mµν are integers. These classify topological sectors of the lattice gauge fields [7, 8].
The link variables Uµ(x) giving rise to the uniform magnetic field can be chosen as [7]
Uµ(x) = exp
[
−2πi
L
δx¯µ,L−1
∑
ν>µ
mµν x¯ν − 2πi
L2
∑
ν<µ
mµν x¯ν + ibµ
]
, (2.2)
where 0 ≤ x¯µ < L (µ = 1, · · · , d) stand for periodic lattice coordinates satisfying xµ + L = x¯µ
and bµ are real constants. These satisfy periodic boundary conditions
Uµ(x+ Lνˆ) = Uµ(x), (2.3)
where νˆ is the unit vector along the ν-th lattice axis. The magnetic fields (2.1) are related
to the plaquette variables by
Uµ(x)Uν(x+ µˆ)U
†
µ(x+ νˆ)U
†
ν(x) = e
iFµν . (2.4)
We denote the Hamiltonian or the lattice Dirac operator of the system by H and consider
the eigenvalue problem
Hψ(x) = λψ(x). (2.5)
Concrete form of H is not necessary to argue magnetic translation symmetries. We only
assume that H only depends on the lattice coordinates through the link variables. The wave
function ψ(x) is subject to the the periodic boundary conditions
ψ(x+ Lµˆ) = ψ(x). (2.6)
In lattice gauge theory it is customary to adopt periodic boundary conditions. The lat-
tice is supposed to be a regularization of the infinite continuum and the boundary conditions
become irrelevant in the infinite volume limit. In the present case the lattice should be un-
derstood as a regularization of a finite volume flat torus and the periodic boundary condition
is considered to be legitimate. In the continuum, however, neither parallel transporters, the
continuum analog of lattice link variables, nor wave functions can be periodic on tori in the
presence of a net magnetic flux.
This apparent mismatch between the continuum and the lattice can be resolved by noting
that the periodic link variables (2.2) become singular in the classical continuum limit a→ 0.
The singularities can be removed by a gauge transformation
Λ0(x) = exp
[
−2πi
∑
µ<ν
mµν
[xµ
L
] xν
L
]
, (2.7)
where [c] stands for the integer part of c, i.e., [c] = n if n ≤ c < n + 1 for some integer n.
The Λ0(x) removes the troublesome parts of (2.2) and yields
Uaµ(x) = Λ0(x)Uµ(x)Λ
†
0(x+ µˆ)
= exp
[
−2πi
L2
∑
ν<µ
mµνxν + ibµ
]
= exp
[
−i
∑
ν<µ
Fµνxν + ibµ
]
. (2.8)
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This link variable has a smooth classical continuum limit and (2.4) becomes apparent in
this gauge. The cost we must pay is the simple periodicity of the link variable. The gauge
transformation (2.7) is not periodic under the shift x→ x+ Lµˆ but satisfies
Λ0(x+ Lµˆ) = Λ
a
µ(x)Λ0(x).
(
Λaµ(x) = exp
[
−iL
∑
ν>µ
Fµνxν
])
(2.9)
It changes the periodic boundary conditions to twisted ones. The gauge transformed wave
functions
ψa(x) = Λ0(x)ψ(x) (2.10)
are subject to
ψa(x+ Lµˆ) = Λaµ(x)ψ
a(x). (2.11)
The link variable (2.8) corresponds to axial gauge in the continuum. We can also work
in the symmetric gauge by carrying out a further gauge transformation by
Λsa(x) = exp
[
i
2
∑
µ<ν
Fµνxµxν
]
. (2.12)
The link variable in the symmetric gauge is given by
U sµ(x) = exp
[
− i
2
∑
ν
Fµνxν + ibµ
]
. (2.13)
In this gauge the link variables and the wave functions satisfy the boundary conditions
U sµ(x+ Lνˆ) = Λ
s
ν(x)U
s
µ(x)Λ
s†
ν (x+ µˆ), ψ
s(x+ Lµˆ) = Λsµ(x)ψ
s(x), (2.14)
where Λsµ(x) is defined by
Λsµ(x) = exp
[
−iL
2
∑
ν
Fµνxν
]
. (2.15)
This gauge is suitable for analyzing magnetic translation symmetry in the next section.
The constant phases bµ in the link variables do not affect the magnetic field Fµν . In the
continuum we can remove them by a suitable choice of the coordinate origin if detFµν 6=
0. The spectrum of the Hamiltonian does not depend on them. This is not the case for
detFµν = 0 as is observed in odd dimensions. In lattice gauge theory we can also remove
bµ from the link variables by a further twisting of the boundary conditions. The eigenvalues
depend on bµ even if detFµν 6= 0 is satisfied. In this section we have not carried out this
twisting, leaving the constant term intact.
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3 Magnetic translation symmetry on the lattice
In the continuum the Hamiltonian of a charged particle in a uniform magnetic field is not
invariant under arbitrary translations. This is due to the coordinate dependence of the gauge
potential. A discrete subgroup of the translations known as the magnetic translation [1],
however, survives. It is a suitable combination of translations and gauge transformations.
We expect that a similar situation also occurs on the lattice. In this section we pursue the
conditions for the magnetic translations in lattice gauge theory.
We work in the symmetric gauge (2.13) and consider a shift of the lattice coordinates
x→ x+ ℓ, where ℓ is an arbitrary integer vector. It is easy to verify that the link variables
U sµ(x) and U
s
µ(x+ ℓ) are related by
U sµ(x+ ℓ) = Ω
s
ℓ(x)U
s
µ(x)Ω
s†
ℓ (x+ µˆ), (3.1)
where Ωsℓ(x) is given by
Ωsℓ(x) = exp
[
− i
2
∑
µ,ν
Fµνℓµxν
]
. (3.2)
The relation (3.1) is analogous to a gauge transformation. In general we cannot regard
U sµ(x + ℓ) as a link variable associated with the link (x, µˆ) since it does not satisfy the
boundary conditions (2.14). However, eq. (3.1) suggests a transformation Tℓ : ψ
s → ψsℓ
defined by
Tℓ : ψ
s
ℓ(x) = Ω
s†
ℓ (x)ψ
s(x+ ℓ). (3.3)
If ψs(x) is an eigenvector of the Hamiltonian and ψsℓ(x) satisfies the twisted boundary condi-
tions (2.14), then ψsℓ(x) is also an eigenvector belonging to the same eigenvalue with ψ
s(x).
In other words the transformation (3.3) is a symmetry of the Hamiltonian. We call this as
magnetic translation symmetry on the lattice.
The requirement that (3.3) satisfies the boundary conditions (2.14) leads to the consis-
tency conditions for Ωsℓ(x)
Λsµ(x+ ℓ)Ω
s
ℓ(x) = Ω
s
ℓ(x+ Lµˆ)Λ
s
µ(x). (3.4)
This can be seen by noting that a translation x→ x+Lµˆ+ℓ can be achieved in two different
ways x→ x+ Lµˆ→ x+ Lµˆ + ℓ and x→ x+ ℓ→ x+ ℓ + Lµˆ. The conditions (3.4) can be
stated in terms of mµν as ∑
ν
mµνℓν ≡ 0 mod L. (3.5)
One can also arrive at the same result by working in other gauges. In the axial gauge (2.8)
magnetic translations are implemented by
Ωaℓ(x) = exp
[
−i
∑
µ<ν
Fµνℓµxν
]
. (3.6)
5
We will use this later.
We now turn to analyzing the constraints (3.5). We can block-diagonalize mµν into 2×2
anti-symmetric integer matrices as in the continuum [9, 3, 10]
mµν =
∑
ρ,σ
LµρLνσνρσ, (3.7)
where L = (Lµν) is an integer matrix with detL = 1 and ν = (νµν) takes the form
ν =


0 ν1
−ν1 0
. . .
0 νm
−νm 0
0
. . .
0


. (3.8)
The set of integers νp (p = 1, · · · , m) with 2m being the rank of (mµν) can be chosen so that
νp divides νp+1 for p = 1, · · · , m− 1.
We write L−1 in terms of d integer vectors Mp, Np and Kl (a = 1, · · · , m, l = 2m +
1, · · · , d) as
L−1 = (M1, N1, · · · ,Mm, Nm, K2m+1, · · · , Kd)T (3.9)
We also introduce the dual integer vectors M∗p, N∗p and K∗l by
L = (M∗1, N∗1, · · · ,M∗m, N∗m, K∗2m+1, · · · , K∗d). (3.10)
Then (3.7) can be written as
mµν =
m∑
p=1
νp(M
∗p
µ N
∗p
ν −N∗pµ M∗pν ) (3.11)
The set of d integer vectors M , N and K also generates the original lattice. We can expand
an arbitrary integer vector ℓ as
ℓ =
m∑
p=1
(ℓpMMp + ℓ
p
NNp) +
d−2m∑
l=1
ℓlKKl, (3.12)
where ℓpM , ℓ
p
N and ℓ
l
K are all integers. The constraints (3.5) for the magnetic translations ℓ
can be simplified as
νpℓ
p
M ≡ νpℓpN ≡ 0 mod L, (3.13)
whereas ℓlK can be arbitrary.
To solve the conditions (3.13) we introduce a set of integers rp, s
p > 0 and np by
nprp = νp, rps
p = L (3.14)
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where np and sp are mutually prime. Then ℓpM = js
p and ℓpN = ks
p satisfy (3.13) for arbitrary
integers j, k. We thus find three basic vectors generating magnetic translations
ℓ(M)p = s
pMp, ℓ
(N)
p = s
pNp, ℓ
(K)
l = Kl. (3.15)
In the following sections we need another set of integers r′p, s
′
p > 0 and n
′p defined by
n′ps′p = n
p, r′ps
′
p = rp, (3.16)
where n′p and r′p are mutually prime.
4 Magnetic translations on 2d lattice
To illustrate magnetic translations on the lattice we consider a two dimensional system with
a magnetic field F12 = 2πν/L
2. This is already of a standard form (3.7) and L is taken to
be the identity matrix. The integer vectors M1, N1 and their dual are given by
M1 = M
∗1 =
(
1
0
)
, N1 = N
∗1 =
(
0
1
)
.
As in (3.14), we have a unique set of integers n = n1, r = r1 and s = s
1 for a given
L and ν = ν1. We also define another set of integers n
′ = n′1, r′ = r′1 and s
′ = s′1 by
(3.16). We thus find two independent basic magnetic translations Tx ≡ TsM1 and Ty ≡ TsN1
corresponding to x→ x+ sM1 and x→ x+ sN1, respectively. In the axial gauge these act
on the wave functions by
Txψ(x, y) = e
2ipin′y
sr′ ψ(x+ s, y), Tyψ(x, y) = ψ(x, y + s), (4.1)
where use has been made of (3.6). We have suppressed the label “a” standing for the axial
gauge. As can be verified from (4.1), these operator satisfy
TxTy = e
− 2ipin
′
r′ TyTx. (4.2)
This gives T r
′
x Ty = TyT
r′
x . We can find simultaneous eigenvectors of H , T
r′
x and Ty. The
eigenvalues of T r
′
x can be written as e
2ipiq
s′ by an integer q (0 ≤ q < s′) since Tx satisfies
(T r
′
x )
s′ = T rx = 1. Similarly, we can write the eigenvalue of Ty as e
2ipip
r with an integer
0 ≤ p < r. Let us denote a simultaneous eigenvectors by ψp,q, then we have
Hψp,q(x, y) = λp,qψp,q(x, y),
T r
′
x ψp,q(x, y) = e
2ipiq
s′ ψp,q(x, y), (4.3)
Tyψp,q(x, y) = e
2ipip
r ψp,q(x, y).
The magnetic translation Tmx (m = 0, 1, · · · , r′−1) maps an eigenstate of Ty belonging to an
eigenvalue e
2ipip
r to other eigenstate with an eigenvalue e
2ipi(p+mn)
r . In other words, it changes
the label p mod r to p + mn mod r. Since p + r′n ≡ p mod r, there are r′ degenerate
eigenvectors belonging to the eigenvalue λp,q. We thus find that the eigenvalue λp,q depends
only on p mod s′ with respect to p.
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The second and the third of (4.3) together with (4.1) imply that the wave functions at
(x, y) and (x+ sr′, y) or (x, y + s) are related by
ψp,q(x+ sr
′, y) = e−
2ipin′y
s
+ 2ipiq
s′ ψp,q(x, y), ψp,q(x, y + s) = e
2ipip
r ψp,q(x, y). (4.4)
Noting the twisted periodicity in y, we can expand ψp,q(x, y) in Fourier series as
ψp,q(x, y) =
1√
s
s−1∑
j=0
ϕp,q;j(x)e
2ipi(p+jn′r)y
L , (4.5)
where ϕp,q;j(x) must satisfy
ϕp,q;j+s(x) = ϕp,q;j(x), ϕp,q;j(x+ sr
′) = e
2ipiq
s′ ϕp,q;j+1(x). (4.6)
We see that the original L2 components of ψp,q(x, y) (0 ≤ x, y < L) can be expressed in
terms s2r′ values of a one dimensional wave function ϕp,q(x) ≡ ϕp,q;0(x) (0 ≤ x < s2r′). It
satisfies the twisted periodicity
ϕp,q(x+ s
2r′) = e
2ipisq
s′ ϕp,q(x) (4.7)
as one can see from (4.6). The magnetic translations put no further restrictions on ϕp,q(x).
Our arguments so far does not depend on the detailed form of the Hamiltonian H . We
can block-diagonalize it into r′ matrices whatever form it is. This leads us to the Hamiltonian
Hp;j defined by
Hψp,q(x, y) =
1√
s
s−1∑
j=0
e
2ipi(p+jn′r)y
L Hp;jϕp,q;j(x). (4.8)
It acts on the one dimensional system of a size s2r′ satisfying the twisted boundary condition
(4.7). Since the eigenvalues of Hp;j do not depend on j, it is enough to consider the case
j = 0 as mentioned above. We thus arrive at the eigenvalue equation for ϕp,q(x)
Hpϕp,q(x) = λp,qϕp,q(x), (4.9)
where Hp stands for Hp;0.
For tight-binding Hamiltonian ψp,q(x, y) satisfies
eibxψp,q(x+ 1, y) + e
−ibxψp,q(x− 1, y)
+e
2ipin′x
s2r′
+ibyψp,q(x, y + 1) + e
− 2ipin
′x
s2r′
−ibyψp,q(x, y − 1) = λp,qψp,q(x, y). (4.10)
The equations for ϕp,q(x) can be found by inserting (4.5) into the expression. The constant
phase factors e±ibx can be eliminated if we introduce
ϕ˜p,q(x) = e
ibxxϕp,q(x). (4.11)
We thus obtain
ϕ˜p,q(x+ 1) + ϕ˜p,q(x− 1) +
{
2 cos
(
2πn′x
s2r′
+
2πp
sr
+ by
)
− λp,q
}
ϕ˜p,q(x) = 0. (4.12)
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Figure 1: Eigenvalues of tight-binding Hamiltonian in two dimensions are plotted for 0 ≤
bx ≤ π/2 and by = 0. We take L = 6, ν = 9.
This is referred to as the Harper equation [11] in condensed matter physics. The periodicity
(4.7) under the shift x→ x+ s2r′ is further twisted by (4.11) and is given by
ϕ˜p,q(x+ s
2r′) = e
2ipisq
s′
+ibxs2r′ϕ˜p,q(x). (4.13)
The plot of the spectrum as a function of α = n′/s2r′, i.e., magnetic flux per plaquette,
is known as the butterfly diagram [2]. Unlike the continuum theories eigenvalues depends
on the parameters bx and by. The twisted periodicity (4.13) is invariant under the shift
bx → bx + 2π/s2r′. This implies that the eigenvalues are periodic in bx and also in by by
rotation symmetry with a period 2π/s2r′. See Fig.1.
5 Extension to higher dimensions
We have shown that the magnetic translation symmetry can be used to constrain the wave
functions on a two dimensional square lattice. We now extend this to higher dimensions.
Magnetic translation symmetry is apparent for special types of magnetic fields like (3.8)
and the analysis for the two dimensional system in the previous section is applicable imme-
diately. This is not the case for a general uniform magnetic field. Fortunately, it is always
possible to transform Fµν into the block-diagonal form (3.8) as mentioned in Sect. 3. In
the continuum eigenvalue problems on magnetized tori can be solved by using this approach
[12]. In this section we use the notation of Ref. [10].
We introduce oblique lattice coordinates ξp, ηp, χl (p = 1, · · · , m, l = 2m+1, · · · , d) by
x =
∑
p
(Mpξ
p +Npη
p) +
∑
l
Klχ
l, (5.1)
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where Mp, Np and Kl are oblique lattice vectors defined by (3.9). The oblique lattice
coordinates are all integers and have one-to-one correspondence with x as can be seen from
ξp =
∑
µ
M∗pµ xµ, η
p =
∑
µ
N∗pµ xµ, χ
l =
∑
µ
K∗lµ xµ. (5.2)
In particular the unit translations x→ x± µˆ correspond to the following shifts
ξp → ξp ±M∗pµ , ηp → ηp ±N∗pµ , χl → χl ±K∗lµ . (5.3)
Conversely, the translation ξ, η, χ→ ξ ± ep, η, χ can be realized by the shift x→ x±Mp,
where ep is the p-th unit vector with (ξ + ep)q = ξq + δp,q. Similar things hold true for the
unit translations in η or in χ.
The link variables in the symmetric gauge (2.13) can be written as
U sµ(x) = exp
[
− iπ
L2
∑
p
νp(M
∗p
µ η
p −N∗pµ ξp) + ibµ
]
= exp
[
−i
∑
p
πn′p
(sp)2r′p
(M∗pµ η
p −N∗pµ ξp) + ibµ
]
, (5.4)
where n′p, r′p and s
p are given by (3.14) and (3.16). To argue magnetic translations it is
more convenient to work in axial gauge on the oblique lattice. This can be achieved by the
following gauge transformation
Uαµ (x) = Λ
αs(x)U sµ(x)Λ
αs†(x+ µˆ) = exp
[
i
∑
p
2πn′p
(sp)2r′p
N∗pµ
(
ξp +
1
2
M∗pµ
)
+ ibµ
]
with Λαs(x) = exp
[
−i
∑
p
πn′p
(sp)2r′p
ξpηp
]
. (5.5)
In this gauge the twisted boundary conditions for the wave functions are given by
ψ(x+ Lµˆ) = Λαµ(x)ψ(x)
with Λαµ(x) = exp
[
−i
∑
p
2πnp
sp
M∗pµ
(
ηp +
L
2
N∗pµ
)]
. (5.6)
We have suppressed the label α indicating the axial gauge for the wave function.
We can also find the periodicity of the wave function under shifts of the oblique lattice
coordinates by L by a repeated use of (5.6) as
ψ(ξ + Lep, η, χ) = e
− 2ipin
p
sp
ηp+iπǫ
(M)
p ψ(ξ, η, χ),
ψ(ξ, η + Lep, χ) = e
iπǫ
(N)
p ψ(ξ, η, ξ), (5.7)
ψ(ξ, η, χ+ Lel) = e
iπǫ
(K)
l ψ(ξ, η, χ).
where ǫ’s are integers defined by
ǫ(M)p =
∑
µ<ν
mµνMpµMpν , ǫ
(N)
p =
∑
µ<ν
mµνNpµNpν , ǫ
(K)
l =
∑
µ<ν
mµνKlµKlν . (5.8)
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We see that the wave function is either periodic or anti-periodic in ηp and χl.
We now turn to magnetic translation of the wave function. In the axial gauge (5.5) the
link variables on the sites x and x+ ℓ are related by
Uαµ (x+ ℓ) = Ω
α
ℓ (x)U
α
µ (x)Ω
α†
ℓ (x+ µˆ)
with Ωαℓ (x) = exp
[
−i
∑
p
2πn′p
(sp)2r′p
ℓpMη
p
]
,
where ℓ is given by (3.12). This leads to magnetic translation of the wave function
Tℓψ(ξ, η, χ) = Ω
α†
ℓ (x)ψ(ξ + ℓM , η + ℓN , χ+ ℓK). (5.9)
Let us denote the generators of magnetic translations corresponding to the three basic trans-
lations (3.15) by T
(M)
p , T
(N)
p and T
(K)
l , respectively. Then (5.9) yields
T (M)p ψ(ξ, η, χ) = exp
[
2iπn′p
spr′p
ηp
]
ψ(ξ + spep, η, χ),
T (N)p ψ(ξ, η, χ) = ψ(ξ, η + s
pep, χ), (5.10)
T
(K)
l ψ(ξ, η, χ) = ψ(ξ, η, χ+ el),
The generators of magnetic translations satisfy
T (M)p T
(N)
p = e
− 2ipin
′p
r′p T (N)p T
(M)
p (5.11)
and all other combinations are commutative. They also satisfy
((T (M)p )
r′p)s
′
p = eiπǫ
(M)
p , (T (N)p )
rp = eiπǫ
(N)
p , (T
(K)
l )
L = eiπǫ
(K)
l , (5.12)
as can be seen from (5.7) and (5.10). These are a higher dimensional generalization of (4.1)
and (4.2).
We may choose a set of commuting operatorsH , (T
(M)
p )r
′
p, T
(N)
p , T
(K)
l as in two dimensions
and consider eigenvectors of these operators
Hψk,p,q(ξ, η, χ) = λk,p,qψk,p,q(ξ, η, χ),
(T (M)p )
r′pψk,p,q(ξ, η, χ) = exp
[
2iπ
s′p
(
qp +
1
2
ǫ(M)p
)]
ψk,p,q(ξ, η, χ),
T (N)p ψk,p,q(ξ, η, χ) = exp
[
2iπ
rp
(
pp +
1
2
ǫ(N)p
)]
ψk,p,q(ξ, η, χ),
T
(K)
l ψk,p,q(ξ, η, χ) = exp
[
2iπ
L
(
kl +
1
2
ǫ
(K)
l
)]
ψk,p,q(ξ, η, χ), (5.13)
where 0 ≤ qp < s′p, 0 ≤ pp < rp and 0 ≤ kl < L are integers. These together with (5.10)
implies
ψk,p,q(ξ + s
pr′pep, η, χ) = exp
[
−2iπn
′p
sp
ηp +
2iπ
s′p
(
qp +
1
2
ǫ(M)p
)]
ψk,p,q(ξ, η, χ),
ψk,p,q(ξ, η + s
pep, χ) = exp
[
2iπ
rp
(
pp +
1
2
ǫ(N)p
)]
ψk,p,q(ξ, η, χ), (5.14)
ψk,p,q(ξ, η, χ+ el) = exp
[
2iπ
L
(
kl +
1
2
ǫ
(K)
l
)]
ψk,p,q(ξ, η, χ).
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The last two of these expressions enable us to write
ψk,p,q(ξ, η, χ) =
1√
s1 · · · sm
∑
j
ϕk,p,q;j(ξ)e
2ipi
L
nP
q
“
n′qrqjq+pq+
1
2
ǫ
(N)
q
”
ηq+
P
l
“
kl+
1
2
ǫ
(K)
l
”
χl
o
, (5.15)
where the sum is taken over integers 0 ≤ jp < sp (p = 1, · · · , m). The Fourier coefficients
ϕk,p,q;j(ξ) must satisfy the following periodicity
ϕk,p,q;j+spep(ξ) = ϕk,p,q;j(ξ), ϕk,p,q;j(ξ + s
pr′pep) = e
2ipi
s′p
“
qp+
1
2
ǫ
(M)
p
”
ϕk,p,q;j+ep(ξ) (5.16)
The first comes from the definition of ϕk,p,q;j(ξ) and the second from the first of (5.14). We
see that the original Ld components of the wave function ψk,p,q(x) (0 ≤ xµ < L, µ = 1, · · · , d)
can be obtained from the (s1)2r′1 · · · (sm)2r′m components of ϕk,p,q(ξ) ≡ ϕk,p,q;0(ξ) (0 ≤ ξp <
(sp)2r′p, p = 1, · · · , m). It must satisfy the twisted boundary conditions
ϕk,p,q(ξ + (s
p)2r′pep) = e
2ipisp
s′p
“
qp+
1
2
ǫ
(M)
p
”
ϕk,p,q(ξ) (5.17)
and can be considered as a wave functions of some m dimensional system. The Hamiltonian
Hk,p;j of the dimensionally reduced system is found by inserting (5.15) into the first of (5.13),
i.e.,
Hψk,p,q(ξ, η, χ) =
1√
s1 · · · sm
∑
j
e
2ipi
L
nP
q
“
n′qrqjq+pq+
1
2
ǫ
(N)
q
”
ηq+
P
l
“
kl+
1
2
ǫ
(K)
l
”
χl
o
Hk,p;jϕk,p,q;j(ξ).
(5.18)
It is enough to consider the case j = 0. We thus obtain
Hk,pϕk,p,q(ξ) = λk,p,qϕk,p,q(ξ), (5.19)
where we have defined Hk,p ≡ Hk,p;0. This together with (5.17) determines the wave func-
tions ϕk,p,q, or equivalently ϕk,p,q;j, and the eigenvalues λk,p,q. They are defined on the m
dimensional oblique lattice of a size (s1)2r′1 × · · · × (sm)2r′m. We can then reconstruct ψk,p,q
by (5.15) and arrive at r1 · · · rms′1 · · · s′mLd−2m wave functions forming a complete set.
For any fixed k and q there are r1 · · · rm wave functions ψk,p,q. They can be decomposed
into s′1 · · · s′m sets of wave functions degenerated by the magnetic translation symmetry. For
a given set of labels pq mod s
′
q (q = 1, · · · , m) there are exactly r′1 · · · r′m degenerate wave
functions given by
(T
(M)
1 )
h1 · · · (T (M)m )hmψk,p,q(ξ). (0 ≤ hq < r′q, q = 1, · · · , m) (5.20)
We now apply the formalism developed so far to the tight-binding system described by
d∑
µ=1
{Uαµ (x)ψk,p,q(x+ µˆ) + Uα†µ (x− µˆ)ψk,p,q(x− µˆ)} = λk,p,qψk,p,q(x), (5.21)
where the link variables are given by (5.5). This can be converted to the form (5.19). To
have a compact expression we introduce β’s by the expansion
bµ =
∑
q
(β(M)q M
∗q
µ + β
(N)
q N
∗q
µ ) +
∑
l
β
(K)
l K
∗l
µ , (5.22)
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and define p˜, q˜ and k˜ by
p˜p = pp +
1
2
ǫ(N)p +
L
2π
β(N)p , q˜p = qp +
1
2
ǫ(M)p +
L
2π
β(M)p , k˜l = kl +
1
2
ǫ
(K)
l +
L
2π
β
(K)
l .(5.23)
Then (5.21) is reduced to
d∑
µ=1
{
e
2ipi
L
P
q N
∗q
µ { νqL (ξq+ 12M∗qµ )+p˜q}+ 2ipiL PlK∗lµ k˜l+iPq β(M)q M∗qµ ϕk,p,q(ξ +M∗µ)
+e−
2ipi
L
P
q N
∗q
µ { νqL (ξq− 12M∗qµ )+p˜q}− 2ipiL PlK∗lµ k˜l−iPq β(M)q M∗qµ ϕk,p,q(ξ −M∗µ)
}
= λk,p,qϕk,p,q(ξ).
(5.24)
The phase factor containing β(M) can be removed by introducing ϕ˜k,p,q as
ϕ˜k,p,q(ξ) = e
i
P
q β
(M)
q ξ
q
ϕk,p,q(ξ). (5.25)
We finally obtain
d∑
µ=1
{
e
2ipi
L
P
q N
∗q
µ { νqL (ξq+ 12M∗qµ )+p˜q}+ 2ipiL PlK∗lµ k˜lϕ˜k,p,q(ξ +M∗µ)
+e−
2ipi
L
P
q N
∗q
µ { νqL (ξq− 12M∗qµ )+p˜q}− 2ipiL PlK∗lµ k˜lϕ˜k,p,q(ξ −M∗µ)
}
= λk,p,qϕ˜k,p,q(ξ),
with ϕ˜k,p,q(ξ + (s
p)2r′pep) = e
2ipisp
s′p
q˜p
ϕ˜k,p,q(ξ) (5.26)
This is a higher dimensional extension of the Harper equation (4.12). The twisted pe-
riodicity can be derived from (5.17) and (5.25). It is periodic under the shift β(M) →
β(M) + 2πep/(s
p)2r′p. This implies that the spectrum is symmetric under the same shift as
has been observed in two dimensions.
6 Summary and discussion
We have investigated magnetic translation symmetries on finite periodic lattices in arbitrary
dimensions. We have shown that any lattice system with uniform background magnetic
field possesses the symmetry. In continuum theories magnetic flux tensor mµν determines
a unique magnetic translation group. In lattice theories, however, it depends on how the
lattice size L is taken. This is due to the simple fact that only translations by a divisor of L
is allowed on the lattice whereas νp is not necessary a divisor of L. The symmetry changes
rapidly as one varies the magnetic field. Then the spectrum of H is very sensitive with
respect to the applied magnetic field. These qualitative differences between the continuum
and the lattice disappear in the continuum limit. We can always take the limit keeping any
prescribed magnetic translation symmetry.
In the extreme case that there is no magnetic translation shorter than the period of
the lattice, eigenvectors cannot be constrained by the magnetic translation symmetries. We
cannot reduce the number of unknown variables in solving the eigenvalue problem. However,
13
it is always possible to dimensionally reduce the system. An immediate consequence of this
is that any tight-binding system can be formulated by the generalized Harper equations.
Dimensionally reduced systems may be more tractable than the original equations and be
beneficial to further studies.
As an application of magnetic translation symmetry we can compute index of overlap
Dirac operator for abelian gauge background. It is related to spectral asymmetry of hermitian
Wilson-Dirac operator. Due to the topological invariance of the index it suffices to compute
the spectral asymmetry for a uniform magnetic field belonging to the same topological sec-
tor. Since the degeneracy of each eigenvector is easily seen from the magnetic translation
symmetry, we have only to compute the spectral asymmetry of the reduced Hamiltonian.
This has been carried out in two dimensions. Extension to higher dimensions is certainly
interesting. We will argue the magnetic translation symmetry in lattice fermion systems
elsewhere.
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